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Abstract
Strain localization is often observed in single and poly-crystals, for instance forming clear bands or persistent slip bands respec-
tively during post-irradiation tensile loading or cyclic loading. This concerns FCC, BCC or HCP crystallographic structures. At
the intersection of the so-called slip bands (SBs) and grain boundaries (GBs), stress concentration areas emerge contributing to
intergranular microcrack initiation. Indeed, GB stress ﬁelds show singularities due to the SB plastic shearing of the surrounding
elastic matrix. Since Stroh’s work [[? ]], GB normal stress ﬁelds have been computed using pile-up theory assumptions. However,
as these approaches assume that slip occurs along only one single atomic plane, they overestimate GB normal stress ﬁelds because
SBs generally display ﬁnite thickness, from a few ten nm to a few μm. Crystalline ﬁnite elements (FE) computations are carried
out using the Cast3M software. Meshed microstructure includes an elastoplastic SB within a main elastic grain which which is
embedded at free surface of an elastic matrix. Results show in fact that using the pile-up formalism leads to large GB stress ﬁeld
overestimations. Therefore, an analytical formula describing the normal GB stress ﬁelds is proposed in the current paper, extend-
ing the pile-up solution in the neighbourhood of the SB corner. The relationships between SB length and thickness and stress
singularities are established in the light of the theory of matching asymptotic expansions. A double fracture criterion allows the
prediction of intergranular microcrack initiation based on the computed stress singularities. Another analytical model based on the
solution of the thermoelastic problem allow to propose a more general formula of the grain boundary stress ﬁelds accounting for
the unloading eﬀects. Using only one stress ﬁeld computed by FE, the prefactors are computed and both analytical formulae are
shown to be validated for all the range of grain size, SB thickness and remote applied stress.
c© 2014 The Authors. Published by Elsevier Ltd.
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Nomenclature
σnn Grain boundary normal stress ﬁeld
r Distance along the grain boundary
a Microcrack size
Σ0 Macroscopic applied tensile stress
ΣC Critical remote stress
ac Critical microcrack size
LPile−up Pile-up length
L Slip band length
t Slip band thickness
τ0 Plasticity shear stress yield within the slip band
Ann Prefactor of the power singularity
A˜nn Prefactor of the logarithmic singularity
γp Local plastic slip
< γp >Mean plastic slip
Cp Prefactor in < γp > formula
C˜p Prefactor in γp formula
1-γ Exponent of the power singularity
γ f ract fracture energy
J Rice integral
Y Young’s modulus
ν Poisson’s ratio
μ Elastic shear modulus
αGB GB orientation
αS B SB orientation
f Schmid factor
1. Introduction
The slip localization phenomenon observed in single or poly-crytals whatever the crystallographic structure (FCC,
BCC or HCP) has physical origins which diﬀer from clear bands to persistent slip bands as follows:
- During post-irradiation tensile loading, the origin is expected to be the interactions between mobile dislocations and
irradiation defects which are swept out by mobile dislocations [[? ] ].
- During cyclic loading (ductile polycrystals), that is expected to be involved by the interactions between the disloca-
tions and cross-slip phenomena [ [? ] ]
Irradiation defects have been removed from slip bands appeared during post-irradiation tensile loading (clear bands)
according to a series of works ( [[? ] ], [ [? ]], [ [? ] ]). Plastic slip was found localized in thin bands (persistent slip
bands) during cyclic loading as reported in ([ [? ] ], [ [? ] ] , [ [? ] ] and [ [? ] ]). Slip bands were also observed
in polycrystals undergoing tensile loading according to recent works [ [? ] ]. SB thickness lies between 10 nm and
1000 nm whereas SB length often equals to the grain size (from about 10 μm to a few 100 μm). The thickness of clear
bands for instance is around 50 nm and for persistant slip bands, about 0.5 μm for FCC polycrystals ([ [? ]] and [[? ]
E-mail address: mohamed.ouldmoussa@cea.fr
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]). Localized plastic deformation within clear bands is about 10 times the macroscopic plastic deformation according
to AFM measurements and TEM observations ([ [? ] ] and [ [? ] ]). This ration can even reach 100 in the case of
PSBs ([ [? ] ] and [[? ] ]). Since the Stroh work, several pile-up based theories have been performed in order to
analytically modelize the GB stress ﬁelds. Slip bands were then understood as pile-ups with a given length without
taking into account the thickness. That approach overestimates GB stress ﬁelds and can fail in the prediction of GB
microcrack initiation close to the slip band corner according to recent simulations [Sauzay and Ould Moussa 2013].
Others issues consider that since there is strong localization of plastic slip within the slip band, the problem of the GB
stress ﬁelds modeling can be solved in the thermoelastic framework [[? ] ] . Simulations carried out by [ [? ] ] utilize
Eshelby’s solution in the case of bulk inclusion for evaluating plastic slip within bands. Surface eﬀects induced by
slip phenomena can be investigated by FE calculations in the scope of crystalline plasticity as performed in the works
of [ [? ] ]. Others [ [? ]] and [[? ] ] develop analytical models of plastic slip in order to account for surface eﬀects.
In addition, intergranular microcrack initiate at the intersection of PSBs and GBs as shown in experiments carried out
by [ [? ] ] on copper polycrystal. Microcracks appear when IASCC phenomenon holds in the case of clear bands
inpinging the GB [[? ] ] and [[? ]]. Microcracks initiate rarely within special GBs [ [? ] and [? ] ]. This is namely
due to their high fracture energy and capacity in plastic slip transmission.
The current paper aims at presenting two diﬀerent analytical models based respectively on the Matched Asymptotic
Expansions (MAE) and on the solution of the thermoelastic problem. It is organized as follows: a ﬁrst section presents
the pile-up modeling which gets rid of the SB ﬁnite thickness. Then, a second section deals with crystalline ﬁnite
element (FE) computations and two diﬀerent analytical formulae of the GB stress ﬁelds. In this part, the ﬁnite SB
thickness and the plastic slip whithin SBs are accounted for. Numerical and analytical predicted stress ﬁelds are in
fair agreement. The ﬁnal section gives a general conclusion of the current contribution.
2. Pile-up based modeling of GB stress ﬁelds
grPL_up.jpeg
grPile_c.jpeg
Fig. 1. (a) Sketch of the local zone (SB+GB) as considered in the Pile-up approach ; (b) Comparison between two evolutions of the GB normal
stress ﬁelds with the respect of the distance to the SB r, respectively given by Pile-up model and FE computations for t = 0.09μm, L = 10.μm,
Σ0 = 878MPa, τ0 = 60MPa and f = 0.5
The assumption that slip occurs on a single atomic plane obviously allows reducing the slip band to a line which
is analogue to a sharp crack. The positions of edge dislocations along this line are given by the pile-up theory (see
ﬁgure ?? a)). The grain boundary stress ﬁelds depend on the pile-up length Lpile−up, the angle between slip and grain
boundary planes θ, the driving (eﬀective) shear stress T = fΣ0 − τ0 and the distance to the SB r, measured along grain
boundary (see equation ??). The singularity exponent is about 12 . Then, using models based on pile-up theory leads
to overstimate the GB stress ﬁelds and by the way underestimate the necessary critical remote stress to initiate the GB
microcracks with respect to experimental and FE results. Figure ?? b) shows magnitude of the ratio between the GB
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normal stress ﬁelds respectively given by pile-up model and results carried out in [ [? ] ]. The ratio between both is
about three in the
[
t
100
t
50
]
range (see ﬁgure ?? b)).
σn(r) = A
√
LPile−up
2r
F(θ) ( fΣ0 − τ0) (1)
3. Modeling of the GB stress ﬁelds induced by a two dimensional slip band
3.1. Crystalline Finite elements (FE) computations
grsb_g1.jpeg grmesh.jpeg
Fig. 2. (a) Sketch of the local zone (SB+GB) in the framework of our model of two dimensional slip bands ; (b) Local FE mesh where the slip band
impacts the GB (right side of the SB)
Crystalline ﬁnite elements calculations are peformed using the Cast3M software and considering two dimensional
SBs (see ﬁgure ?? a)). The meshed microstructures (see ﬁgure ?? b)) include elastoplastic SB in a main grain
embedded at the free surface of an elastic matrix. Imposed displacement loading and plane strain conditions are
assumed during calculations and it is showed [[? ]] that both time increment and FE size do not aﬀect the FE solution.
The SB length is also considered to be 10 times lower than the whole mesh size for avoiding any eﬀect of the matrix
size. Isotropic parameters of austenitic stainless steels [ www.matlab.com ] and orientations of the modelled SB and
GB are summarized in table 1:
The values given in table 1 correspond to a reference conﬁguration chosen in the current paper where the Schimd
Table 1. Material parameters used in FE calculations for the reference conﬁguration
Crystalline elasticity parameters Isotropic elasticity parameters Orientations angles
C11 (GPa) C12 (GPa) C44 (GPa) Y (GPa) ν αGB (o) αS B(o)
267 131 68 180 0.33 33 45
factor ( f = sinαS B ∗ cosαS B, in 2D) is set to 12 corresponding to a well-oriented slip system and the anisotropic
coeﬃcient (a = 2C44C11−C12 ) is set to 1.
3.2. Analytical models
Theory of matched asymptotic expansions (MAE)
The FE computations show that the local GB stress singularities are weaker than such predicted by the pile-up theory
(ﬁgure ?? a)). Indeed, the exponent of the singularities is much lower than 12 . The current contribution proposes to
account for the slip band thickness on the basis of the V-notch solution [Leguillon et al.], in order to modelize GB
stress ﬁelds within the close-ﬁeld zone (Zc = r  t), (see ﬁgure ?? a)). Regarding the far-ﬁelds solution in the area
Z f deﬁned by ∀t < r  L, the GB stress ﬁelds are supposed to evolve simularly to the pile-up solutions. The theory
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of matched asymptotic expansions (MAE) [ [? ]] allows us to propose a ﬁnal analytical formula describing the GB
stress ﬁeld which holds in the close-ﬁeld area:
σn(r) = Ann
√
L
t
( t
r
)1−γ
( fΣ0 − τ0) (2)
withAnn a coeﬃcient which does not depend on the SB lengths and load.
The prefactor, Ann = 0.72, and the exponent, 1 − γ = 0.27, are identiﬁed from FE computations with t = 0.09μm,
grasym.jpeg
grval.jpeg
Fig. 3. (a) Sketch of diﬀerent areas around the SB corner ; (b) Examples of the validation of the MAE based analytical formula for two diﬀerent
values of the SB length
τ0 = 60MPa, L = 10.μm, Σ0 = 393MPa, f = 0.5μm, αGB = 33o and αS B = 45o. Then, the performed
analytical formula is validated for large ranges of both the SB length and thickness (L ∈ {3, 6, 10, 100}μm and
t ∈ {0.05, 0.1, 0.2, 0.5, 1}μm ). The eﬀects of material behaviour (either isotropic or crystalline elasticity) and mi-
crostructure (SB and GB orientations) on the FE results and analytical formula, were extensively investigated in [ [?
] ].
A singularity exponent lower than 12 means that the classical Griﬃth criterion does not allow the prediction of any
GB microcrack initiation [[? ]]. Indeed, the classical energy release rate G vanishes and the prediction of microcrack
initiation is not meaningful in that case. The current paper proposes to determine G for a ﬁnite value of a given
microcrack critical size ac which is to be evaluated. Such approach is generally called Finite Fracture Mechanics ([[?
]]). Two particular variables, critical remote stress Σc and critical microcrack size ac, are involved in such a formalism
and that is why we postulate both stress and energy criteria which should be fulﬁlled (see equation ??).
|σn| = σc ∀r < ac∫ ac
0
J(a, fΣ0 − τ0)da =
∫ ac
0
γ f ractda (3)
The analytical formula of the integral J is given by equation ?? in accordance with both the theory of MAE and the
FE computations results.
J(a, fΣ0 − τ0) = CL ( fΣ0 − τ0)2
(a
t
)2γ−1
(4)
FE computations using G-theta methods of Cat3M software allow us to determine C=1.3 SI for Σ0 = 300MPa,τ0 =
60MPa, f = 0.5, L = 10μm, t = 0.09μm and a ∈ {0.3, 0.4(3), 075}nm.
The GB cleavage stress σc and fracture energy γ f ract are related according to the universal bounding energy rela-
tionships UBER [ [? ]]. The simultanuous use of both stress and energy criteria leads to deﬁne two critical values
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respectively the remote stress to GB fracture and the critical microcrack size, given in equation ??:
Σc =
1
f
⎛⎜⎜⎜⎜⎜⎝τ0 +
⎡⎢⎢⎢⎢⎢⎣
(
2γ
C
)
A1−2γnn
( t
L
) 1
2
(
γ f ract
t
)1−γ
σ
2γ−1
c
⎤⎥⎥⎥⎥⎥⎦
⎞⎟⎟⎟⎟⎟⎠
ac = 2γ
(A2nn
C
) (
γ f ract
σ2c
) (5)
Computation of the remote stress to GB fracture Σc using γ f rac=1.2 J and Ann = 0.72 in Argon environment, give
results in agreement with experimental observations (refer to [[? ]]).
Developement based on the solution of a thermoelastic problem
The previously mentioned model holds only in loading stage but FE computations show that the GB stress ﬁeld after
unloading is rather large even lower than the one computed at the maximum load. Therefore, a more general analytical
formula is needed for describing the evolution of GB normal stress ﬁelds during both loading and unloading.
Following both FE computations and the thermo-elasticity approach, the mean SB plastic slip may be computed as
follows:
< γp > = Cp
(
T
μ
) (L
t
)
, (6)
The stress ﬁeld induced by homogeneous slip in the SB surrounding by an elastic medium is given by :
σn(r) = Ω˜γp ln
( t
r
)
. (7)
The plastic slip (respectively mean and local values) can be expected to depend linearly on the applied tensile stress Σ0
according to equations ??, ?? and ??. The current contribution proposes then two analytical formulae for respectively
mean and local plastic based on thermoelastic assumptions. These models are given in ??:
γp = C˜p
(L
t
)β ( fΣ0 − τ0)
μ
(8)
with C˜p = A˜nnΩ˜ .
The parameters, Cp = 1.19, C˜p = 13.53 and β = 0.5, are respectively adjusted based on FE computations. Using that
grg_pm_L_t.jpeg grg_p_L_t.jpeg
Fig. 4. (a) Evolution of < γp > with the respect to Lt following FE computations and the analytical formula ; (b) Evolution of γp with the respect of
L
t following FE computations and the analytical formula
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values, in the analytical formula, give good agreement with FE results respectively for: < γp > vs. Lt and γp vs.
L
t
whaterver the SB ratio from up to 100,(see ﬁgures ?? a) and b)).
In addition, analytical formulae show that the ratio between the local SB corner and mean SB slips is given by:
γp
< γp >
≈
( t
L
)1−β
(9)
grFGP3_01.jpeg grFGP8_01.jpeg
Fig. 5. (a) Ratio between γp -isovalues and < γp > around the intersection SB-GB for tL = 7.10
−2 ; (b) Ratio between γp -isovalues and < γp >
around the intersection SB-GB for tL = 1.4 ∗ 10−2
Figures ?? a) and b) show the isovalues of the ratio between the local and average slips. As expected from the equation
??, the higher the aspect ratio, the lower the relative value of the SB corner slip.
According to this new feature, the MAE based model can be modiﬁed by replacing the singularity term
(
t
r
)1−γ
by a
logarithmic one ln
(
t
r
)
. That leads to the equation ??
σn(r) = A˜nn
√
L
t
ln
( t
r
)
( fΣ0 − τ0) (10)
which allows relating GB normal stress ﬁeld again to the shear stress T using a new type of singularity. The adjusted
prefactor A˜nn is about 1.4 with a maximum relative error of about 5% on the GB stress values and for Σ0 = 393MPa,
L = 10μm, t = 0.09μm, αS B = 45o and αGB = 33o. Then, the same parameters are considered in order to validate the
analytical formula for large range of L and t. Figures ?? a) and b) show for instance good agreement with the solution
in ?? and the one computed by FE methods, respectively for two diﬀerent values of the ratio Lt . Figure ?? shows the
good ﬁtting of the GB normal stress ﬁeld computed after unloading, by a logarithmic function with a R2-coeﬃcient
higher than 0.9995. That leads to conclude that thermo-elasticity based formula seems to be more general than the
MAE based one.
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grl1.jpeg grl2.jpeg
Fig. 6. (a) Evolution of the GB normal stress with the respect to the distance along GB (r), computed respectively using the FE method and the
analytical formula for Lt = 65 ; (b) Evolution of the GB normal stress with the respect to the distance along GB (r), computed respectively using
the FE method and the analytical formula for Lt = 10
3
grFN.jpeg
Fig. 7. Evolution of the GB normal stress during the unloading stage with the respect to the distance along GB (r), computed respectively using the
FE method and the ﬁtted logarithmic curve
Conclusion
The pile-up theory has been the basis of many models of grain boundary stress ﬁelds since works of Stroh and
others during the ﬁfties. Both comparisons to experimental observations and to FE computations show that such
models underestimate the critical remote stress to the grain boundary microcrack initiation. Recent works based on
Finite Frature Mechanics (FFM) [[? ]], used Matching Assymptotic Expansions methods for proposing analytical
formulae of the grain boundary stress ﬁelds which accounts for the ﬁnite slip band thickness. Computations of the
critical remote stress to the microcrack initiation gave evolutions more matching experimental observations than those
based on the pile-up modeling. In addition, the current paper proposes two theoretical models: the ﬁrst is based on the
Finite Fracture Mechanics by considering the V-noch approximation (
(
t
r
)1−γ
type of the stress ﬁeld singularity) and
the second is inspired of the solution of the thermoelastic problem (ln
(
t
r
)
singularity type). Both analytical models
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take into account the ﬁnite slip band thickness. Crystalline ﬁnite elements computations carried out using Cast3m
software, shows that the ”thermoelasticity”-based formula ﬁts more the grain boundary stress ﬁelds than the ”Finite
Fracture Mechanics”-based one.
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